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Each natural number is the set of — 2 — {0 1} — {Q {@}}

all smaller natural numbers. — ’ ’

——von Neumann g 3={0,1,2} = {o,{a},{@,{2}}}
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& /R85 iR TE (Hilbert’s Hotel)

+ BRI, SORT BHFBAMRIATH, BAORIT
ZiESP R E2dNi -
" FRIREF1ISHERZAMELS, 25KA%
A#B45......, ZHIEEHE.

HESRTEBIRES, 328, 335, 345, ..., 3k
5, ...

iR ERITERBSE, 528, 538, 548, ..., 5K
=
T eee

" XEAMUZHET TR, mMATHTL,
15, 21, 33, 35..... XBRBERFNATEHNW
KRR 55 18] .

2016/10/18 IntroductionToCS--Xiaofeng Gao 13

— T
A 2

2016/10/18 IntroductionToCS--Xiaofeng Gao 14

& & (Equinumerosity)

+EHEASEEBEH (EIEA~B), BHMNH
FAE—PNATIBKI DU = Bif-

< RBBHRAEESANESBR —— X

(one-to-one correspondence) o

SHRANEH., WAHEZL (equipotence,

equipollence, equinumerosity).
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0,1)={0<z<1l|zeR} =R
f(x) =tan(m(2z — 1)/2)
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HRE vs FHEE
Bl HWERABESEFHEBEESHI RN
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FHEpl I FH a6 (2) -

«f]: {EBA(0,1) = (n,m) «]: {EBA0,1) = (0,1)

=" EBH:  f(x) = (n-m)x+m = 4EBH: flx)=x if 0<x<1 A\ x#£1/2"), n€o
f0)=1/2 x=0
f(x)=1/2™") ifx=1/2"), n€w

+fl: AEHO,1) = {x [ xER A x>0} =(0,+)
= JEBH: fix)=1/x -1

«fl: WEBA[0,1] = (0,1)

<. [0,1]=[0,1)
" JEBH: flx)=x, if 0<x<1 A x#£1/2"),n€ o
fix)=1/2™") ifx=1/2"), n€o
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= FHEH (3) = FHRREH
+HEERFTA, B, EXRPEEB: ~EH: NTFEBEAEA, BFC, XR “=”
AB = {f| f is a function from A to B} ﬁf}i?‘ﬁﬁ:

Mg P(A) ~ 42

SiEB: BX—NMMWPA)BM2HWHSH, XA
HER F4£B, H(B)EBHIFERE,

1, it x € B;
h@%‘{mﬁxeA—B.
T HR A
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"R A=B, FFAB=A
s MR ABHB~C, A A=C

+iEH: HEHRBERAE.
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EFE/R B3 (Cantor 1873)

«EH1: HRBERoELBEERIES.
SiEH: (ALER) HEMEE f 0 R,
BAFE—NLEZAE Fran(f).
f(0)=32.4345...,
f(l)=-43.334...,
Q)= 0.12418...,
o z: BEE N0, TRAn)BIE M+
WAART, MzB)ZAL AT, BB 6.
Mz A B Tran(f) B L.
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EFE/R e (Cantor 1873)

+EH2: BHEAEHCHRERESS.

“iEB: 4g:A>PA), BITHHE AR
FE&EB, #8BAEran(g)+. &

B={zecAlzgg(x);
re€Bexdg(r

Kl 1t B#g(x).

2016/10/18 IntroductionToCS--Xiaofeng Gao




Y& FH T (Pigeonhole Principle)

+ B A ERBEHCHETESS.
EB: (BRI

L fAMnEn K EE, Fifran()RESEn
ENERT:

T ={n € w| any one-to-one function

£ FR&4 (Finite Sets)

X ~ANEERFRNIAEANZEERE
NERBES, BUNERLRI.
+ (BPERBHEDMBRBESHBD

from n into n has range n}
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Johann Peter Gustav
Lejeune Dirichlet
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S0€eT k" =k k) "'b%%}ﬁ@: )l%‘njl\%ﬁ:}ﬁ)\
— BREKET — mEBEP@>m), WLH
 SiEBIKET = 3&—%@%@%@%—4\
TR A

= B =Ry irichlet's box principle

% . ran(f_[k)k— K % < Dirichlet's drawer principle

= ﬁg;ﬁka — «KFRE (1805~1859)
AW  WEEEX
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HAhL R

+#HR: RN S5ECETESRNES
TR .
«HER: EFGoRTRE.
R EA—NERESHSHE——NE
= iEBH: fRi% A=m H A=n
BIE “=~” KR, m=n
BE=21, YVEm=n, mcnEincmZ — L
BB B#ER, EREHEBIARIL,
B im=n.
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+fER: REAREGSECHETESS.

g

o
¢ C

Fig. 36. What [ does to 4, g-f =g~ " does to n.
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| TR A R I

S IEAEMR: Card A=Card B iff A=B

¥ (Cardinal Number)

+ N TEE—INHRESA, W—HFENEFSH

H % € ofER A=nFR VAR Z 3L ‘
(Cardinal Number), 1c2fECard A. +EX: Card ® =X (aleph-zero)
o1 " R: F-AHARFEE,

= Ry: BB EE O

“SLHEE: CardR =N,
» NHCRR, A “EEG”

= {a,b,c,d}~4, WRab,c,dRMIITLE.
" WMEAERERA, HA=Card A
" SHERERESA B, B

Card A = Card B iff A=B.

X BRE S WA T2
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| T e  CWRCREREM—ARTR, WHE
% 0 (ws=4,-3,-2,-1,0,1,2,3,4,) % m<n, {Ez’f%szo

= (e =, ) ,

= FAB—R S PATERRE—— = EB:  (BEBEHE

= (48 EA0S) =

= S — T ={n€w| any proper subset of n
— (ZHHHRS) = . .

= = is equinumerous to a member of n}
= N TSRS PHRERBE— =

= 2 (FEE) = . .

= : — +0ET (RAEETH, LAWETHARD
= FAE—ES PR ANE—— = . .

% 83 7RIS %‘1‘ﬁ&kET, IIEEﬁkJrET

= N — " ERBKWETFHEC (CFKD
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iEBH
«fgH1: C=k={0,1,....k-1}, NC=keEk'
«1Eh2: CRKE—NMEFE. WHTKET,
FEEANmEKET, Hf Cxm.
«1FM3:. WmRkeC, BIC=..., ..., k}
N C=(CNk)U {k}={..., ..., kK}N{0,1,...,k-1} U {k}
MCNkRKKEFE (C£kY). HANKET,
EmEKHEACNk ~m. ¥fCNkE5mi——
TR EREL MU <k,m>RCHm B ——XF M.
HFmEk, m*€kt, FrlA
sz+ek+’ muk-'-eTo
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+EMERESHTRBEFRE.

iEB: BRBACB, HRRBEEAHRHEK
—— Xt LR

MA~ fJA] € n

Mf[A] = m for some m € n

FiPL Am € n€ .
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F£a>i

SESARESBEA (dominate) , iBfE
A<B, MRFE—-NTNAZIBRIHESGT.

»Card A <Card Biff A<B
«SAVAHERES, X

) fgﬁé\%ﬂjﬁgﬂi st k<A iff k<A and k #A
" RACB, WABBXE o g .
= A<B 3% A0 4A 5B FAESH, »fl: Card K <Card L iff K<L H K#L

= N5 AcB, N Card A<Card B

" IR k<A, MFEEE KCSL # 2 Card K=«
F Card L= A.

T EEEH k. FO0<xk

" X TERARESH n, H n<y,
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F B R
X‘T?'ff%%ﬁl@ )w, *l] | LB ﬁ:
S$K<K
SKSASp=>Kpn

SK<Aand A<k = k=) BELUELEAEEIRIERE
» Either k <A or A<k Using Axiom of Choice
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Schroder-Bernstein Theorem

XFRBRFE/R- %P - B HH e # (CSBEH)
+ MR A<B H B<A, ] AxB

eXFEE ML MR <L H A<k, M k=0
o (RBIEIER)D

Co C, g(y) G,
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CSBE ¥ ™

+ IRACBSCHAC, N=AEE%H,
» EHEERE[0,1|HAX %,
SPKSIA<p=>k<pu
SPK<IAp=>k<p
+*R =2, MR =P(w)

= R =2%

" R X REZEH 2N 2M=2%"N=2% BIfmy
HE&ES.
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EFEAHE (Axiom of Choice)

o A1 SMEEXERR, FEHRE F C R with
dom F = dom R.

o ANHE2: WNETFESHEHERRRESR.

o« ANFE3. EFEHE. Y TFERES CHD,
C<D B DICRBHE—EROL,

<+ AH4: (Zorn’s lemma) SAN—NER, FEE
BTEEBCA,BF UBeE AR, NMAGE—
MNEKISLTEEM (a “maximal” element) , f#75
MARAFER—NEESHFE.

o
% eee
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A #(££ (Countable Set)

*» B E5 AL T H K (countable)X3 HN H{A4A<o,
i.e. iff Card A <X,
+~EBFATHRRFZES T HBERET .
+EMEN: EEATHIHNIARFRE
BRAREHAR,
Bl
"w, Z, QA
= A, BT H£, MCcA, AUB, AXBHATH
" XERTLRES, PA)AATH.
B HESHATEOEN .
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ELZ SR (Continuum Hypothesis)

<« REFEEGHELHLER 2N [7)?
< (Cantor) No.
there is no ) with 8, < < 2%
< Bl EMATHEKLHEESHEEEREH.
@« — I A:
For any infinite cardinal «, there is no cardinal

number between k and 2
Cantor
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P SE
« 18784F BEFE/R JF I 7E 77 51 R 3 HOR SR H R M0 2 1]
EPILES

< 1900 A /RIARFIEEL SR TFIAN 20 L F FH1F
RN EEHFREZ EH .

< 19384E BH & /R (Kurt Godel)iE B 7 &SGR &M
IZFCAERGAFE ZFC + —CH

< 19634F £ [H 2 K B = (Paul Cohen)iE ISR
WHMZFCAB ARG ML ZFC + CH

< Hk, EBEGRBVEPREZFCAERENIER K
EEHESR.
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