..:r:\\;

E?Esﬁe Fw“:;:

5.
7 \s\

Cardinality

c

ifhfrﬁ?,% ._...Mr.,;

.:\._.2_.: :.;.:mf.:r

v.. n ::.z
:S.:“._ﬁz..__:a._:_;:. ,m:;,

iaofeng Gao)

(X

R R

Department of Computer Science

Shanghali Jiao Tong Univ.
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H
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©



Transcen-

dental

HRBHE G RE X
BERE. BN BX
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. EERAEER _

+ 19 L T0EMN, EEBEXRILREGH T
~/\H$i32m%l3'3' 8, NEHEGHF
BONZEBET T W50,

2 20122471, 9?@%’»}5“6: TRIRES®
HIZPJE .

* N T EREFR, MIKBEEEEsRABEL,
1 B 5EA 0 BARR 1]
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I HRBHIE SR E X -

I RBHIR G R ENRLH « & « 5
I BUE X -

Each natural number iIs the set of
all smaller natural numbers.

——Vvon Neumann

il

—_— O
Il
Q

;= 19;
1) = 19,19
1,2} = {2.{2}.{2.{2}}}
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DO

|
A
O O O

o
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I-
0= &

1 ={0} ={9}

2=10,1} ={9,{9}}
3=10,1,2} ={9,{9},{9, {9} }}

v0elE2€CE€3E.!.
s0clc2c3c...

< nHE4ANU {n}
4 o RN HREBES{0,1,2,...)
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[SURJECTION INJECTION [ BIJECTION
| | h
' £ >Y | X >Y

K=D# : K=Dh

&= (EQUINUMEROSITY)
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N AT H?
> UAT BN R A HI R/ ?

{1,2,3} = [13,4,5}
{0<z<10|zeN}={20<y <40 |y € E}
{r>5]reN}?Hy<-=2]yeZj

A AR A B A/ MR T —BL2
REARTAENTRLEABE?

4

N/

%

4

\/

*
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# /R84 ETE (Hilbert’s Hotel)

» A —FIRE, NBARAEE, A RS

[BIARE 2. XER ¥ — L%, B4

. R, HREE

EANUL, “PTE RIS IRIERER 1. 7

— T
00000
.4‘IIIIIIIIIDIIIIIIDIIIIIIIII.-.
0 0 0 0 Ololcoocolol O O 0 00
O 0 0 0 Alolcoocoloel A 8 a8 a c
0 000 O0fFevesd 0000 O
|
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& RI{BFFRIETE (Hilbert’s Hotel)

> B — X RE, AR EE, a5
[BIRARZIG o XHR T —N# e, BT

- CRRERE! 7 REE AV, BEMRIELS B R

B%225 50, 25 FEEPKERR3SEE, 35F
R ERR4S5 FEESE, IERER T L. XHFE—
*x, %‘f%ﬁmﬁyﬁkﬁ:ﬂs?amﬁ*mm%lm
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o BBRE—NE LR FEBEE, &175

] AR

5 55 [H]
55
%, 1

2016/10/18

R/

g/

alicd:

TN X ICR TS

Eiﬂ%@mgk

= YURR), REANT, BEFE—=)L. 7 WREEANR.
‘Ammm?rﬁlmmﬁﬁz%ﬂzﬂaﬁm
BB E45 FE, 35 FEERKEZE6
S, i, 2 OO
el s LLLLLLLL
VEINGIRVEE S BRAAL AL

BT ! PriFeiEe

IntroductionToCS--Xiaofeng Gao
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25 b5
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& R8I IETE (Hilbert’s Hotel)

* O, SOR T EFZSANRITE, BAmWAT
AR LT BN IRE

» FRAIE LS FEIZAMKE2E, 25 B E%
A4 5......, ZSHITEBREE

.‘[J:l—ﬁ‘ﬁﬁ Z|‘§|J3"3, BZD, 33 S 34—‘5‘7 coe) 3k
":7‘,

'1J:2"37Y[§ﬁ“2|‘§[|5"'::7', SZD) 53I:l, 54%) coe) 5k
=
Ty ees

s XEAMUZHET THERE, MATH T,
15, 21, 33, 35......XEARRERRANETRZEHHN
KR 2% B 5 H]
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I & 4% (Equinumerosity) -

+REASESBES (BEA~B), JZHNZE
ﬁf**AA§UBB‘Jﬂ§¢®§f{fO

< BRI ARG AFEEBR——XT ML

(one-to-one correspondence) o

wFRNFH . WHEEZ (equipotence,

equipollence, equinumerosity).

HIRE S vs TIRES

\/
4

\/
2

2016/10/18 IntroductionToCS--Xiaofeng Gao 15



J(m,n)= : \ ‘ _
((M+n)*+3m-+n)/2 \ | \ i
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I H SR ¥ vs B HEH -
Bl AW HABESEFHEHHEESHI RN

[0] [10] [11]
o [5] —2/1 ~a——1/1 [4] 0/1 —=1/1 [1] 2/1 e 3/1

. ¢

-2/2 [3] —12 =— (/2 ~—1/2 [2] 22 3/2 [12] e
"' [7] (8]
o [6] —2/3—»— —1/3 — (/3 — /3 —» 2/3 [9] 373
[15] [14] L
—2/4 ~t—— — /4 ~t—— (/4 ~a—— |/4 ~a—— 2/4 ~—— 3/4 [13] oo

w ~ Q
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I (0,1)[X [8] vs SE#{ -

s W (0, 1) X 6] P A S/ 8 5 S A
NS

0,1)={0<zx<l|zeR}~R
f(x) =tan(m(2x — 1)/2)

P
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I FHH -
+%: #ERA(0,1) = (n,m)
= JEBH:  f(X) = (n-m)x+m

+H: WEBH(0,1) = {x | xER A x>0} =(0,+o0)
= yEBA: f(X)=1/x -1

o ﬁﬂz [091] ~ [091)
" FHH: f(X)=X, if 0<x<1 A x#1/2"), n€Ew®
f(x)=1/2™Y if x=1/2"), n€w
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I FHWH (2) -

+H: UERA[0,1) = (0,1)
" JEBH: f(x)=x if 0<x<1 A\ x#1/2"), n€Ew
f(0)=1/2  x=0
f)=1/(2™) ifx=1/(2"), n€w

o
S
=

: WEBH[0,1] = (0,1)
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L spune  hb
B EREA, B, EXERHES"B:
AB = {f| f is a function from A to B}
n#a P(A) ~ 42

*IER: B X —AP(A)BIR2B A H, XA
BIEE 4B, H(B)RZBRIGHE R,
it x € B;
/5(x) _{ 0, ifre A—- B.

DU H R XSS o

2016/10/18 IntroductionToCS--Xiaofeng Gao 21
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I FHRAEH -

«EH: NTFEREARA, BRIC, X&R “=
EA MR-
" ARA
" MR A=B, A B=A
"R A=BHB=C, A A=C

=

+UERH: HEFEHRBEHAH.
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I FEFE/REH (Cantor 1873) -

el
¥

11: BREBE

“uEBH: (%

nzéi}’TXE7 ’
Wz BT

MRS

BFo5LHESRAFSE,

) 2% JR ) SRR &L f: 0 R,
CEizA B Tran(f).

f(0) = 32.4345...,

f(1) =-43

334...,

f(2) = 0.12418...,

20 BB N0, WR(n) K ZE (n+1) AL/
WzH%ZALRNT, BNBEIN6.

2016/10/18

=ran(f) B S

o

IntroductionToCS--Xiaofeng Gao 23



o Nk Eyg

NHBEA, HENT1E

2016/10/18

45

FEFE/R E# (Cantor 1873)
X %EiZ: &ﬁ s

AN

A

4
B
o

29:A>P(A), ﬁaﬂﬂ%ﬁii—/l\AE@

BN

B, {15

Cran(Q)H . &

B={reAlx¢gg(z)}

:%XEA,

reBsxdg(r)

Rl i B#g(X).
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I A RES (Finite Sets) -

SN —AMEERARM S AN Y e R
NERBEY, BUERERK.

(AN B REH B/ B RBEE S H RO

."---“ ......
- e
-
-

-
e .-"~
-
e
-

........

ARG
/
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A8 JFH (Pigeonhole Principle)

+EBEERB S5 CHETESES.
WEBH:  (BEIEE)

STRAMNBINFIBE, Fikran(fEZHE SN
ENESRT:

T ={n € w| any one-to-one function

4

from n into n has range n}
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L mame L

S0ET ke =k K
BRiZkeT : k
“iEBHKTET
PRSI
= ran(f|,) = k

" T'(p)=1(Kk)
I (k)=1(p)=k
F(x)=t(x)

4

\/

*
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MM E1'(n>m) PV
E2/H—PMEESHFEEZ T
PIAA

< Dirichlet's box principle
< Dirichlet's drawer principle
 JkF7EE (1805~1859)

= EEBFEXK

n BT BL R EEE, AR
BMES R X E

Johann Peter Gustav
Lejeune Dirichlet
2016/10/18 IntroductionToCS--Xiaofeng Gao 28



+iER: ZAEERESSHCHNETS

O

Fig. 36. What f doesto A, gof - g~" does to n.

(N

4
B
o

+
/3

RRRRRRRRRRRRRRRUARARINN g
—
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T

SHER: EM— I EHCETFESFHENES
E%BEE’J

+HEL: EFoeLIRA.

SR ER—PNERESEHSEE—TE
RBES
= JEAH: R A~m H A=n
B “=” FIEH, m=n
BIE=4, BHmM=n, mcnEncmz — L
RIEZ AR, EREHE DAL,
FirEAm=n.
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- F ¥ (CARDINAL NUMBER) .
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I F# (Cardinal Number) -

* XN TFEE—NERESA, HE—FERNEH

= 2AHn € oF 1JBA=NFR AR ZEL

(Cardinal Number), igfECard A.

\/
0‘0
3
o0

= {fa,b,c,di=4, WHab,cdRMIIITTE.

= SRR BRS
= MR PR

X TG FR:

2016/10/18

ESA, HA~Card A

;‘%A’ B, ﬁ

Card A = Card B Iff A=B.

REAfATTHEL?
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I ToPREE G HI R -

»IEAHEB. Card A=Card B iff A=B

L)

€ : Card o=, (aleph-zero)
" N: B ADHIERTE,

" Ro: BT ER
< SEHEE: Card R =N,

» NHCERN, A “EES”
’:’NO\ Nl\ NZ ......
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I e 51 KR -
TRE—RSPRITREREE —
N (152,354, 5,657,859, 10, 11
0 (= 4,-3,-2,-1,0,1,2,3,4,
{HIEE
TRE—RETHTREEHE——

N {eE FRIS )
1 {EARS)

[ HEFRBS]

N TRE—EPMTENE —
2 [FRAmheE)

N TRE—RSPRITREREE —
5 OTHIERS

2016/10/18 IntroductionToCS--Xiaofeng Gao 35



S TRCER BRENEK—MNE F

m<n, & C=m.
WEBH: (BN E)

L s=

=
fth.

£, T

=N

T ={n € w| any proper subset of n

is equinumerous to a member of n}

“0ET (BEETHE, VARAHBHETHZAR)

\/
4

\/
2

BiEKET, iEBHKET
n EERCREFEC (C# kD)

2016/10/18 IntroductionToCS--Xiaofeng Gao
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T R

w WL C=k={0,1,....k-1}, MICkEK"

»IFM2: CRKFI—IHETHE. N

':_‘ke T,

FEE ImekeET, B Cxm.

«1Fm3: mEkecC, BIC={...,..., k!
M C=(CNK) U{K}={..., ..., K}N{0,1,....k-1} U {k}

MCNkRZKFIE T (C£ k+) 53

ﬁ\L

EmEe ki ECNk=m. &R CN

Fmek, mek*, FrbA

7~Jk€T, 17
k5miK]——

XM EREL, NIfU<k,m>2CEmM ) ——XF M.

C=m*€k*, FTLAK'ET,

2016/10/18 IntroductionToCS--Xiaofeng Gao
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W
SAEMERESHTREERT R,

|
b

uEEH ; 551:L$ACB’ FRTRBSRABRBINHY
JA=f[A] €

Jf[A] = m for some m € n

FrPL A~m € n€w.

o

R 2 2
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£ hC

\/

*

RS ABESBYE. (dominate) , iEfE

A<B, MRFE—NTMNAZIBRIELS,

. (TR AH AR

H &

" WRACB, N A#B AL

* AXB 3 HNHAEBR T4

Nl
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L mmuw L

<+ Card A <Card B Iff A<B
> RV ERES, ©X
K< A Iff k<A and k£ A
«#: Card K < Card L iff KL H K=L
= N5 AcB, | Card A <Card B

s 08 k<), MFEEES KSL 2 Card K=k
A Card L= A

T TR i%f( K, B 0<xk
FTHEEEREH N, Hn<R)

[
-

[
-
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I FEBUPE R -

N TERES L M, B:

CKSK

SPKSASu=>K=<n

PK<A and A ol =0 =W W Schroder-Bernstein Theorem

Either k<. or h.< x
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MR,
+MNEA<LB H B<A, | A=B

Schroder-Bernstein Theorem

FFLR-IE S T8 —1H

B

HER

| (CSBEE

1)

ST A A, MR k<L H o<k N k=2
o (5 é:trfﬁ)

2016/10/18

IntroductionToCS--Xiaofeng Gao
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[ ceemmmm b

< WRACBCCHA=C, N=1MREFH,
R ARG R5[0,1] 0 X [a) &84,
SKIA<u = Kk <pu
SK<ASp=>K<p
+»R=2, MR ~=P(o)

= R = 2%0

« R X RAHEH 2% 2%= 2% %= 2%, BT
LZRFH

4

X
25
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HEAF (Axiom of Choice)

o /A\Eil: XVJ"E

domF = dom R.

* /A\\I_E12: XT‘I‘E"E?:::Q,
» NFES: %ﬁﬂ 4k .
C<D &, DLXCEE
» NF4. (Zorn’s lemma) AN—NERE, fEFEE

FERARR, FE

=7 FE F S R with

=B HE /RIS

X FEE:

L — S RIL

Ea C M1 D,

,va?- HBCA. BE UBeAST. NAGE—

MTEAEJ/

ﬁ—‘/\

2016/10/18

_..,A.E/J¥ E

MR AMALICEM (a “maximal” element) , {#15

o
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I B #£E (Countable Set) -

£ 6 AR T E ¥ (countable) X HAX ¥ Ao,
l.e. Iff Card A < KX,
‘ AA‘I%&%FL?E. AT F B RSO 4L

wEMEN: BEATEYHNBARERS
jZAB,Jﬁ:.%[j‘jNO

4

\/
*

L)

4

.
*

Lo

4

%
S
[ X )

N/

", Z, QT&

" A, BAEHE, N|CcA, AUB, AXBH¥yE[#
s SHERTEIRES, P(A)AR

A B EE & I B LT T
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HESE G B (Continuum Hypothesis)

> RBHEERSR B’Jé%ﬁﬁxoiﬁl?‘ozwﬂ"
< (Cantor) No.
there is no A with &, < A < 2%
Bl ARSI A S SR
> —RE R

For any infinite cardinal «, there is no cardinal
number between k and 2*

1)

—Cantor
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I P 525 53k -

18785 REFL /RIS M AE T 31| S 28 UM SE R B [H]
B AR

@ 1900 A RIFFFIEEE AR FTIA 201 L E
R 2INEBEEHEREZE .

% 19384E BFE /R (Kurt Gadel)iEBR T &S S ¥ Al
ZFC/\EA% GAFE ZFC + —CH

2 196343 E $ 2= F B (Paul Cohen)iE B &SR
WHMZFCAB ARG ML ZFC + CH

» Bk, EEGBRRAARAEZFCAERGNIEHE
IEHESH.
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